We discuss the relaxation process after the detrapping in more detail. Figure S1 (a) shows the same current map as that in Fig. 1(c) in the main text. At the red circle in Fig. S1 (a), a detrapped electron can be ejected to the drain even when the relaxation to the ground state of the island occurs as shown in the potential diagram in Fig. S1(b) , because of a sufficiently large ejection probability. At the blue square in Fig. S1 (a), a detrapped electron can be ejected to the drain without relaxation, but when the relaxation of the detrapped electron occurs, the electron is captured by the island as shown in the potential diagram in Fig. S1 (c). This is because the exit barrier is higher than the island ground state energy. At the green triangle in Fig. S1 (a), since the detrapping is prohibited, there is no current flow even if the ejection probability is high for a hot electron as shown in the potential diagram in Fig. S1 (d). 
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Error estimation of island-mediated SE pumping
We used another device to investigate the tunablebarrier SE pump with an electrically defined charge island. The structure is almost the same as the device in the main text. The only difference is the width of the Si wire, which is about 10 nm. Figure S2 (a) shows dI P /dV EXIT as a function of V EXIT and V ENT . Here, we do not observe the detrapping process explained in the main text, which indicates that the SE is pumped via the island between G1 and G2. Figure S2 (b) shows the pumping characteristics at 1 and 8 GHz as a function of V EXIT . We fit I P using Eq. (1) IP as a function of VEXIT at 1 (purple circles) and 8 (red circles) GHz, where VUG = 1.5 V, VS = 0 V, and P = 10 dBm. VENT = −1.2 and −0.6 V at 1 and 8 GHz, respectively. Black lines are fits to the pumping characteristics. The error bar of each data point in the pumping characteristics is set to be 1 %, which is a typical value. T is 4.2 K in liquid He.
Estimation of effective electron addition energy
Figure S3(a) shows a schematic of the electron potential diagram during the rise of the entrance barrier with the definition of an effective electron addition energy E add . Here, we assume that one electron is dynamically captured by the island with a probability of about half and another electron is captured by the trap level. In other words, the voltage condition corresponding to this diagram is at a current rise between ef and 2ef plateaus. Figure S3 (b) shows I P of the trap-mediated SE pumping in the device shown in the main text as a function of V UG at 1 (blue circles) and 17 (red circles) K, where I P is normalized by ef . Since the plateau width is smaller at 17 K than at 1 K, the escape process shown in Fig. 1(b) in the main text depends on the temperature and it should be dominated by thermal hopping at 17 K[1]. To estimate E add , we fit the characteristics at 17 K using Eq. (1) in the main text. For simplicity, we assume that V UG does not modulate the entrance barrier top. This would be reasonable because of the screening of the V UG effect by G1. In this case, E add = α 1 kT (V 2 − V 1 ), and it is estimated to be about 7.5 meV from the extracted fitting parameters. [1] Yamahata, G., Karasawa, T. & Fujiwara, A. Gigahertz single-hole transfer in Si tunable-barrier pumps. Appl. Phys. Lett. 106, 023112 (2015) .
